The main purpose of this study is to investigate a fractional discontinuous Sturm-Liouville problem with transmission conditions. We shall consider a fractional boundary value problem involving an operator with two parts. It is shown that the eigenvalues and corresponding eigenfunctions of the main problem coincide with the eigenvalues and corresponding eigenfunctions of the constructed operator in Hilbert spaces.
Introduction
Fractional calculus has been a well-known topic since it was initiated in the seventeenth century and studied by many great mathematicians of the time. The history of fractional calculus can be found in [, ] . It has been shown that in many applications, fractional derivatives based models provide more accurate solutions for real processes of anomalous systems than the integer order derivatives based models do [-]. After realizing the success of fractional differential equations in modeling real world problems, much work has been done in this branch of mathematics in recent decades. For some recent contributions about fractional differential equations and fractional dynamic systems, see [-] and the references therein.
The studies of Sturm-Liouville (S-L) problems have attracted the attention of many mathematicians and physicists since they have many useful applications in branches of science, theoretical and applied mathematics. In particular, [-] contains many references to problems in physics and mechanics.
On the other hand, the general theory and methods of boundary value problems with continuous coefficients are highly developed, very little is known about a general character of similar problems with discontinuities. In view of demands of modern technology, engineering and physics, Sturm-Liouville type problems with transmission conditions have become a very important place of research in recent years. Discontinuous boundary value problems with transmission conditions and their applications to the corresponding initial-boundary value problems for parabolic equations have been investigated by Mukthrov et al. in [-] . Also, some problems with transmission conditions which arise in mechanics (thermal conduction problem for a thin laminated plate) were studied in the article [] . Akdogan The main aim of this paper is to extend some results of fractional Sturm-Liouville problems to the case of discontinuous fractional Sturm-Liouville problems. Namely, we deal with a discontinuous fractional Sturm-Liouville problem with transmission conditions. To do so, we define an operator A in the Hilbert space L  [-, ], the eigenvalues and corresponding eigenfunctions of which coincide with the eigenvalues and corresponding eigenfunctions of the boundary value problem respectively. Then, we establish the characteristic function and prove that the eigenvalues of the considered problem coincide with the roots of this characteristic function.
The paper is organized as follows: In Section , some of the basic properties of the Riemann-Liouville and Caputo fractional derivatives are given, and we also prove a useful lemma. Section  presents the construction of a discontinuous fractional S-L problem.
We introduce the operator theoretical form in the Hilbert space L  [-, ] and discuss the characteristic function in the subsequent sections.
Some auxiliary definitions and results
In this section, we shall recall some basic definitions and facts which are necessary for the 
Similarly, the right Riemann-Liouville fractional derivative of order α of function f , denoted by D
where D = and
respectively.
Property  The following property shows that the Riemann-Liouville derivative is the left inverse of the Riemann-Liouville integral, but we cannot claim that it is the right inverse.
and
where α ∈ (, ).
Property  For certain classes of functions, the Caputo fractional derivatives are the inverse operators of the Riemann-Liouville fractional integrals.
In classical calculus, the integration by parts formula relates the integral of a product of functions to the integral of their derivative and antiderivative. As we can see below, this formula also works for fractional derivatives; however, it changes the type of differentiation: left Riemann-Liouville fractional derivatives are transformed to right Caputo fractional derivatives. For more detail see, for example, [] .
. Then the following integration by parts formula holds:
x=b x=a . Now, we state and prove the following lemma which is going to be used in the next section.
Proof In view of Definition , we have
Then it leads to
To prove (), by Definition , we obtain
By applying the fractional operator I α a + to both sides, we get
which completes the proof.
Fractional Sturm-Liouville problem with transmission conditions
Let the operator L α,x be defined as
and fractional transmission conditions at the inner point
where 
The operator formulation of the problem
Let us consider the inner-product in the Hilbert space L  (-, ) as follows:
where
. In this Hilbert space we define the operator A with domain Note that by eigenvalues and eigenfunctions of problem ()-() we mean eigenvalues and eigenelements of the operator A, respectively.
Theorem  The linear operator A is symmetric.
Proof For each f , g ∈ Dom(A), using () we write
By applying Property , we get
By considering the fractional transmission conditions ()-(), we have
that the operator A is symmetric.
Corollary  All eigenvalues of problem ()-() are real.

Corollary  Let λ  and λ  be two different eigenvalues of problem ()-(). Then the corresponding eigenfunctions f and g of this problem satisfy the following equality:
As a consequence, the eigenfunctions of problem ()-() corresponding to the different eigenvalues are orthogonal to the inner product () in the Hilbert space L  (-, ).
Naturally, we can now assume that all eigenfunctions of problem ()-() are realvalued.
Lemma  The equivalent integral form of equation () with fractional conditions ()-()
is given as
where u  (x) =
integral operators I α  + acting on this equation and by Lemma , we obtain
Applying I α  + on both sides of () and using conditions ()-(), we find
Then we reach
We next define u m (x, λ) to construct the successive approximations
Remark  The corresponding classical Sturm-Liouville problem with integer orders is covered by the case α = .
holds for all m.
Proof Let us apply the mathematical induction for m. In what follows, for convenience we shall use the notation K = / (α + ).
For m = , we have
By using Lemma . in [], we have
By using Corollary . in [], we have
Suppose that () holds for m -, i.e.,
Then we have
The proof is completed.
Lemma  The following IVP
Proof If we use a similar way in Lemma , we get a corresponding integral equation of the problem as follows:
c  . Let us construct the integral equation by
where the mapping T is defined as
then we have
By applying Lemma . in [], we get
By relation () we have
where we have used Corollary . in [] . If we substitute the last inequality into (), we find
By condition (), the mapping T is a contraction on the space C[-, ], · . Consequently, there exists a unique solution of equation (). The proof is complete.
Theorem  For any λ ∈ C satisfying Kp
- i (|λ| + k α + Q) <  (i = , ), the differential
equation () has a unique solution which satisfies fractional boundary condition () and fractional transmission conditions ()-().
Proof Consider the following problem for each λ ∈ C:
By considering Lemma , the initial value problem has a unique solution φ  (x, λ). Next, take into account the differential equation
We establish the sequence {u n (x, λ)} for x ∈ (, ] and n = , , . . . such that
Obviously, each of the functions u n (x, λ) is an entire function of λ for each x ∈ (, ]. Now let us consider the series
According to estimate () in Lemma , for  < x ≤ , the absolute value of its terms is less than the corresponding terms of the convergent numeric series
Hence, series () converges uniformly. Obviously, each term (
. Therefore, the sum of series () is continuous on x ∈ (, ] and
The uniform convergency of the sequence u n (x, λ) allows us to take n → ∞ in the relation (). This gives equations () showing that φ  (x, λ), the limit function of the process defined by () and (), is the solution of (). Furthermore, it is trivial that φ  (x, λ) satisfies the initial conditions ()-(). Finally, the function φ(x, λ) given by
satisfies the differential equation (), fractional boundary condition () and fractional transmission conditions () and ().
In a similar manner, we can prove the following theorem.
Theorem  For any λ ∈ C, the differential equation
has a unique solution 
To prove this fact, suppose if possible that λ = λ  is not an eigenvalue but the corresponding solutions φ  (x, λ  ) and χ  (x, λ  ) are linearly dependent. Then there is a constant α  =  such that
From this equality obviously follows that the solution χ  (x, λ  ) also satisfies the first boundary condition. Consequently, the solution
satisfies also the first boundary condition. Therefore, χ(x, λ  ) satisfies all boundary and transmission conditions, that is, χ(x, λ  ) is an eigenfunction for the considered problem ()-(), and consequently λ  is an eigenvalue. Thus we have a contradiction which completes the proof.
Let us consider the fractional Wronskians
which are independent of x and are entire functions. The short calculation gives
Now we may introduce to the consideration the characteristic function
Lemma  The fractional Wronskian W F satisfies the following relation:
.
Proof Employing the definitions of the functions φ i (x, λ) and χ i (x, λ), i = , , we obtain
Corollary  The zeros of the function W F (λ) consist of the zeros of the characteristic function ω(λ).
Theorem  The eigenvalues of fractional boundary value problem ()-() are the same as the roots of the characteristic function ω(λ).
Proof 
